Abstract. In this paper, we shall study the structure of walls for Bridgeland's stability conditions on abelian surfaces. In particular, we shall study the structure of walls for the moduli spaces of rank 1 complexes on an abelian surface with the Picard number 1.
Introduction
Let X be an abelian surface over a field k. Denote by Coh(X) the category of coherent sheaves on X, by D(X) the bounded derived category of Coh(X) and by K(X) the Grothendieck group of D(X).
For β ∈ NS(X) Q and an ample divisor ω ∈ Amp(X) Q , Bridgeland [3] constructed a stability condition σ β,ω = (A (β,ω) , Z (β,ω) ) on D(X). Here A (β,ω) is a tilting of Coh(X), and Z (β,ω) : K(X) → C is a group homomorphism called the stability function. In terms of the Mukai lattice (H * (X, Z) alg , ·, · ), Z (β,ω) is given by Z (β,ω) (E) = e β+ √ −1ω , v(E) , E ∈ K(X).
Here v(E) := ch(E) is the Mukai vector of E. Hereafter for an object E ∈ D(X), we abbreviately write Z (β,ω) (E) := Z (β,ω) ([E]), where [E] is the class of E in K(X). For abelian surfaces, these kind of stability conditions forms a connected component of the space of stability conditions up to the action of the universal cover GL + (2, R) of GL + (2, R) as stated in [3, sect. 15] . Let φ (β,ω) : A (β,ω) \ {0} → (0, 1] be the phase function, which is defined by Z (β,ω) (E) = |Z (β,ω) (E)|e √ −1πφ (β,ω) (E) for 0 = E ∈ A (β,ω) . Let M (β,ω) (v) be the moduli space of σ (β,ω) -semi-stable objects E with v(E) = v. It is a projective scheme, if (β, ω) is general ([8, Thm. 0.0.2]). The stability of objects depends only on a chamber of the parameter space NS(X) R × Amp(X) R . For a special chamber, the stability coincides with Gieseker stability ( [3] , [12] , [2] , [7] ). For the analysis of Gieseker stability, Fourier-Mukai transforms are very useful tool. However the Fourier-Mukai transform does not preserve Gieseker stability in general, since the category of coherent sheaves is not preserved. On the other hand, the Fourier-Mukai transform induces an isomorphism of the moduli spaces of Bridgeland stable objects as a consequence of [3, Prop. 10.3] . So it is very natural to study the moduli of Bridgeland stable objects and its dependence on the parameter even for the study of Gieseker stability. For abelian surfaces, the studies on the dependence of the parameters, i.e., those of wall and chamber structures, are started by two groups Maciocia and Meachan [5] , and Minamide, Yanagida and Yoshioka [7] , [8] . In this paper, we continue our study on the wall and chamber structures. In particular, we shall study the behavior of the structures under Fourier-Mukai transforms. We are mainly interested in the most simple case, that is, the case where NS(X) = ZH. In this case, the parameter space is the upper half plane, the action of Fourier-Mukai transforms can be described by an arithmetic subgroup of SL(2, R) and the action on the upper half plane is the natural one. So we can study the structure in detail.
Let us explain the contents of this paper. We first define the wall and chamber by using the characterization of walls in [8, Prop. 4.2.2] . Then we present a few basic properties of walls and chambers. As we explained, by the paper of Bridgeland ([3, Prop. 10.3] ), Fourier-Mukai transforms preserve the stability of objects, that is, it induces an isomorphism of the moduli spaces. We shall show that the taking dual functor D X also preserves the stability of objects (Theorem 2.5). These are done in sections 1 and 2
In [14] , we introduced a useful notion semi-homogeneous presentations. It is a presentation of a coherent sheaf as the kernel or the cokernel of a homomorphism V −1 → V 0 of semi-homogeneous sheaves V −1 , V 0 with some numerical conditions. Extracting the numerical conditions from V −1 and V 0 , we also introduced the notion numerical solutions and constructed moduli spaces of simple complexes V −1 → V 0 associated to numerical solutions. In [7] , we found a relation between these moduli spaces and the wall crossing behavior for Bridgeland stability conditions. In this paper, we give a supplement of this relation. Thus codimension 0 wall, then for any neighborhood U of (β, ω), there is no σ (β,ω) -semi-stable object which is σ (β ′ ,ω ′ ) -semi-stable for all (β ′ , ω ′ ) ∈ U . In section 4, we fix an ample divisor H and study special stability conditions σ (β+sH,tH) parametrized by the upper half plane {(s, t) | s, t ∈ R, s > 0}. In the (s, t)-plane, the equations of walls are very simple. They define circles or lines forming a pencil of circles passing through imaginary points (Remark 4.3). Thus they do not intersect each other. For a principally polarized abelian surface with Picard number 1, these kind of results are obtained by Maciocia and Meachan [5] . Thus our results are generalization of theirs.
We also explain that there are one or two unbounded chambers which parametrize Gieseker semi-stable sheaves. In [17] , we showed that Gieseker's stability is preserved under the Fourier-Mukai transform, if the degree of the stable sheaf is sufficiently large. We shall explain the result as an application of this section (Proposition 4.24).
In section 5, we assume that NS(X) = ZH. We are mainly interested in a Mukai vector v which is a Fourier-Mukai transform of 1 − ℓ̺ X . So we may assume that v = 1 − ℓ̺ X .
In [14] , we described the algebraic part of the Mukai lattice H * (X, Z) alg as a lattice in the vector space of quadratic forms of two variables. Then we can describe the action of Fourier-Mukai transforms as a natural GL(2, R)-action. By using these results, we shall study the structure of walls. In particular, we shall classify codimension 0 walls by using our description of Mukai lattice. We set n := (H 2 )/2. If ℓ/n ∈ Q, then there is a unique wall of codimension 0, since there is one numerical solution. Assume that ℓ/n ∈ Q. In this case, these are infinitely many numerical solutions, thus we have infinitely many codimension 0 walls. Let G n,ℓ ⊂ GL(2, R) be the subgroup generated by the cohomological action of (covariant or contravariant) Fourier-Mukai transforms preserving ±v. G n,ℓ acts on the set of walls. We show that there are finitely many G n,ℓ -orbits of walls and the set of codimension 0 walls forms an orbit of G n,ℓ . Each orbit has two accumulation points (± ℓ/n, 0) in the (s, t)-plane. An observant reader will see that the main part of section of 5 essentially appeared in [13] without using Bridgeland stability condition.
In section 6, we shall study the structure of walls for v = 1 − ℓ̺ X , ℓ ≤ 4 on a principally polarized abelian surface X. As an application, we shall classify M H (v) for a primitive Mukai vector with v 2 /2 ≤ 4.
In [9] and [10,
with v 2 /2 = 1, 2, 3. Moreover he determined the Fourier-Mukai transform which induces the isomorphism. By using the structure of walls, we give an explanation of Mukai's results for v 2 /2 = 2, 3. It is quite surprising that Mukai discovered his results 30 years ago without using Bridgeland's stability conditions.
In appendix, we continue to assume that X is an abelian surface with NS(X) = ZH and (H 2 )/2 = n. We shall identify the period space with the upper half plane. Then we show that the action of auto-equivalences is the action of the modular group Γ 0 (n).
Finally we would like to mention related works which appeared during our preparation of this manuscript. We note that the examples of Bridgeland stability conditions in this paper are generalized to an arbitrary projective surfaces by Arcara and Bertram [1] . For these stability conditions, Maciocia [4] studied the structure of walls. In particular, he proved similar results to section 4 in a much more general context. For the stability conditions on principally polarized abelian surfaces, Meachan [6] studied the structure of walls in detail. In particular he independently found examples of walls with accumulation points.
Preliminaries on Bridgeland's stability condition
As in the introduction, let X be an abelian surface over a field k, and fix an ample divisor H on X. 
We denote the fundamental class of A 2 alg (X) by ̺ X , and express an element x ∈ A * alg (X) by x = x 0 + x 1 + x 2 ̺ X with x 0 ∈ Z, x 1 ∈ NS(X) and x 2 ∈ Z. The lattice structure ·, · of A * alg (X) is given by (1.1)
x, y := (x 1 , y 1 ) − (x 0 y 2 + x 2 y 0 ), where x = x 0 + x 1 + x 2 ̺ X and y = y 0 + y 1 + y 2 ̺ X . We shall call (A * alg (X), ·, · ) the Mukai lattice for X. In the case of k = C, this lattice is sometimes denoted by H * (X, Z) alg in literature. In this paper, we shall use the symbol H * (X, Z) alg even when k is arbitrary. The Mukai vector v(E) ∈ H * (X, Z) alg for E ∈ Coh(X) is defined by
We also use the vectorial notation v(E) = (rk E, c 1 (E), χ(E)).
is the bounded complex representing the object E. 
Proof. We have rv
2. Fourier-Mukai transforms.
Stability conditions and Fourier-Mukai transforms.
We shall recall the (twisted) Fourier-Mukai transform of σ (β,ω) and its relation to Bridgeland's stability conditions explained in [8] . Let Φ : 
where ξ ∈ NS(X) Q and ξ := 
We set
By [8, sect. 5.1], we get the following commutative diagram:
Let E be a complex such that Φ = Φ
where u := Φ(v).
As an application of Theorem 2.2, we give a different proof of Proposition 1.7.
} is an open neighborhood of H. Assume that (β 0 , ω 0 ) ∈ C and ω 0 ∈ R >0 H. We shall show that σ (β,ω) -semi-stability is independent of (β, ω) in a neighborhood of (β 0 , ω 0 ). We can take
. Replacing ω 0 if necessary, we may assume that γ ∈ NS(X) Q . We take a neighborhood U of H(δ) and
Replacing U if necessary, we may assume that the following equation for t > 0 has a solution for each L ∈ U and a neighborhood V of β 0 :
.
We set ω := tL. ω is a function on V × U and we have RZ (β,ω) (v) = RZ (β,ω) (e γ ). For the proof of our claim, it is sufficient to show the independence of σ (β,ω) -semi-stability, where (β, L) ∈ V × U .
We set X 1 := M H (r 1 e γ ). For a universal family E on X × X 1 as a twisted object, we consider the Fourier-
X1→X (F 1 ) defines a wall for v. Therefore for any subsheaf
ss is independent of (β, L). Then we see that M (β,ω) (v) is independent of (β, ω). 
Proof. For a non-zero object E ∈ D(X), we have
where F is a locally free µ-semistable sheaf with d β (F ) ≤ 0, (iii) µ-semi-stable sheaf E with d β (E) > 0 and (iv) purely 1-dimensional sheaf E.
(
be the reflexive hull of E and set T := E * * /E. Then we have an exact triangle
Since (E * * ) ∨ is a locally free µ-semi-stable sheaf with 
Proof. Let C be a chamber containing (β, ω). We may assume that
We take a primitive vector r 1 e
. Let E be the universal object on X × X 1 as a complex of twisted sheaves. We set w := Φ
ω (w) consists of µ-stable locally free sheaves and we have an isomorphism
, where w satisfies (c 1 (we − β ), ω) = 0. By taking the dual, we have an isomorphism
We note that
is a family of stable objects with v(F |X×{x1} ) = −r 1 e −γ . For Φ
X→X1 we define ( −β, ω) by (2.1). Thus we substitute (−γ, −γ ′ , −β) in (2.1) instead of (γ, γ ′ , β) for the definition of ( −β, ω).
By the Grothendieck-Serre duality, we have
X→X1 (E). Hence the claim holds.
Remark 2.7. By a similar argument, we can prove Theorem 2.5 (1): Let C be a chamber containing (β, ω).
We take a primitive vector
be a primitive and positive Mukai vector. If
We first assume that r 0 = 0. We set
Hence we have an isomorphism Φ :
If r 0 = 0, then Φ is induced by isomorphisms on underlying abelian surfaces and the action of Pic 0 (X). Hence we also have an isomorphism
If (β, ω) belongs to a wall, then Φ also preserves semi-stability. Indeed assume that E is S-equivalent to
are the same. Therefore the claim holds. 3. Numerical solutions and the walls.
3.1. Semi-homogeneous presentations and numerical solutions. Let us recall the notion of semihomogeneous presentations introduced in [14] .
where E i (i = 1, 2) are semi-homogeneous sheaves satisfying the following condition: if we write v(E i ) = ℓ i v i with ℓ i positive integers and v i primitive Mukai vectors, then
We call the first sequence the kernel presentation and the second one the cokernel presentation.
Since semi-homogeneous sheaves on abelian varieties are well-known objects, semi-homogeneous presentations give useful informations on E. Moreover the property of having a semi-homogeneous presentation is an open condition, and describes the birational structure of the moduli spaces M H (v). The numerical data appeared in Definition 3.1 are useful to find a semi-homogeneous presentation. So we introduce the following definition. For each numerical solution (v 1 , v 2 , ℓ 1 , ℓ 2 ) of v, we constructed moduli spaces of simple two-term complexes. These moduli spaces plays an important role to prove [14, Thm. 3.9] . We fix an ample divisor H on X. 
Definition 3.2. For a Mukai vector v, the equation
is described as follows:
and let E i be a universal family such that v(Φ
Then Ψ induces an isomorphism
Relation with the walls. The operation Ψ is first introduced in [18] to construct birational map of moduli spaces, and it is reformulated as an isomorphism of [14] . Ψ plays a fundamental role in these papers. In [7, sect. 4] , we explained its relation with Bridgeland's stability condition. In particular, we showed that M ± (v 1 , v 2 , ℓ 1 , ℓ 2 ) are moduli of stable objects if v 1 defines a wall. We shall slightly generalize this fact. Thus we show the following.
Then r = ±(r 1 ℓ 1 − r 2 ℓ 2 ), r 1 ℓ 1 ξ 1 = r 2 ℓ 2 ξ 2 and
, there is an ample divisor H with (ξ 1 − ξ 2 , H) = 0. We may assume that (ξ 1 , H) < (ξ 2 , H). We take β(x) := γ + xξ 1 + (1 − x)ξ 2 with 0 < x < 1. Then
Hence there is a positive number t such that
In this case, we also have
Hence there is a positive number t such that 
4. Stability conditions on a restricted parameter space.
4.1.
The structure of walls. In this section, we shall partially generalize the structure of walls in [5] . We note that
In this section, we fix β ∈ NS(X) R and an ample divisor H on X and study the wall for the space of special stability conditions:
is called a chamber for v.
For the study of walls, we collect elementary facts on a family of circles.
Lemma 4.2. We take p ∈ R and q ∈ R >0 . For a ∈ R, let C a : (x + a) 2 + y 2 = (a + p) 2 − q be the circle in (x, y)-plane. We also set C ∞ : x = p. Thus C ∞ is a line in (x, y)-plane.
2 − q, which implies that y 2 = −q < 0. Therefore the claim holds. The proof of (2) is similar. Remark 4.3. By the proof, we see that C a (a ∈ R) forms a pencil of conics passing through the imaginary points {(p, ± √ −q)}.
We shall study the structure of walls. We first assume that r = 0 and set
We also set
Proposition 4.5. Assume that r = 0 and v 2 > 0.
Proof. (1) We first note that
Hence the claim holds.
(2) If rd 2 − r 2 d β = 0, then the claim follows from
By Lemma 4.4, we get the following corollary.
Corollary 4.6.
(1) If
(H 2 )r 2 , 0 is contained in the circle (4.1).
Remark 4.7.
We next treat the case where r = 0.
Proposition 4.8. Assume that r = 0 and
Proof. We note that d β = 0. Hence r 2 = 0. Then the claim follows from the following computation:
. 
Hence there are finitely many walls for v.
Lemma 4.10. For v 2 = e β+λH , the condition RZ (β+sH,tH) (v) = RZ (β+sH,tH) (v 2 ) for (s, t) ∈ R 2 is equivalent to the equation of the circle
In particular, the circle C v,λ passes the points (λ, 0) and
Proof. We note that
Then we get
Assume that rλ − d β = 0. Then the condition is given by the circle
In particular, the circle passes the points (λ, 0) and
2 , then we see
Remark 4.11. Assume that r = 0. Then
In particular, if
we have C v,λ1 = C v,λ2 and the equation is given by
Proof. Since v = ±(ℓ 1 r 1 e β+λ1 − ℓ 2 r 2 e β+λ2 ), we have C v,λ1 = C v,λ2 . Since (λ i , 0) ∈ C v,λi for i = 1, 2 and λ 1 = λ 2 , we get the claim. belongs to an unbounded chamber. Then 
.2.9] implies that we have an isomorphism
Lemma 4.14. Let C 0 and C 1 be two chambers such that C 0 is surrounded by C 1 . We take (s, t 0 ) ∈ C 0 and (s, t 1 ) ∈ C 1 . Let t x := (1 − x)t 0 + xt 1 (0 ≤ x ≤ 1) be a segment connecting t 0 and
Proof. Assume that E is not σ (β+sH,txH) -semi-stable for some x ∈ (0, 1). Then there is a subobject E 1 of E in A (β+sH,txH) such that φ (β+sH,txH) (E 1 ) > φ (β+sH,txH) (E). Since E is σ (β+sH,tiH) -semi-stable for i = 0, 1, φ (β+sH,tiH) (E 1 ) ≤ φ (β+sH,tiH) (E). Then there are two numbers x 1 , x 2 such that 0 < x 1 , x 2 < 1 and φ (β+sH,tx i H) (E 1 ) = φ (β+sH,tx i H) (E). Since t xi is uniquely determined by v(E 2 ), this does not occur. Therefore E is σ (β+sH,txH) -semi-stable for all x.
Definition 4.15. Let W be a wall for v in (s, t)-plane. Let (β, ω) be a point of W and (β ′ , ω ′ ) be a point in an adjacent chamber. Then we define the codimension of the wall W by (4.5) codim W := min 
gives a numerical solution of v. Conversely for a numerical solution (v 1 , v 2 , ℓ 1 , ℓ 2 ), Lemma 3.7 implies that for a suitable β and ω = tH, v 1 defines a codimension 0 wall.
Proposition 4.17. Assume that NS(X) = ZH. We fix β. Then there is a bijective correspondence between a codimension 0 wall and a numerical solution.
Proof. Assume that NS(X) = ZH. For a numerical solution (v 1 , v 2 , ℓ 1 , ℓ 2 ), β, c 1 (v), c 1 (v 1 ), c 1 (v 2 ) ∈ QH implies that C v,λ1 in Corollary 4.12 gives a wall in the (s, t)-plane. Combining Lemma 4.16, we get the claim. 
4.3.
Semi-homogeneous presentation and the stability. For a semi-homogeneous presentation, Lemma 3.7 implies that we can relate a σ (β,ω) -semi-stability. We shall study Gieseker semi-stability of coherent sheaves with two semi-homogeneous presentations. There is a Fourier-Mukai transform Φ := Φ E Y →X and a complex F such that E = Φ(F ) and F is semistable with respect to two chambers C 0 , C 1 such that C 0 is surrounded by C 1 and C i are adjacent to C i . Let C be an unbounded chamber between Φ(C 1 ) and Φ(C 2 ). Then F is semi-stable with respect to Φ −1 (C) by Lemma 4.14. Hence E is semi-stable with respect to all unbounded chambers.
We take an element ω ∈ Amp(X)
∨ is (−β)-twisted semi-stable. Hence E is locally free. Let E 1 be a locally free subsheaf of E. Then there is a generically surjective homomorphism
. Thus E is properly β-twisted semi-stable, which is a contradiction. Therefore E is µ-stable. (
1) d β (v)−rs = 0 is a codimension 0 wall if and only if (a)
Assume that v satisfies (a). We take (s, t) such that 1 ≫ d β (v) − rs > 0 and let E be a σ (β+sH,tH) -semi-stable object with v(E) = v. Then r = 1 and E = I Z (ξ) or a = 1 and (2) By the choice of (s, t), σ (β+sH,tH) -semi-stability implies β-twisted semi-stability. Thus for E ∈ M (β+sH,tH) (v), we have a semi-homogeneous presentation 
4.4.
Relation with the Fourier-Mukai transforms. We shall study the Fourier-Mukai transform on our space of stability conditions. Let r 1 e γ be a primitive and isotropic Mukai vector. We set X 1 := M (β+sH,tH) (r 1 e γ ). Let E be the universal object on X × X 1 as a complex of twisted sheaves. Assume that γ = β + λH, λ ∈ Q. We consider the Fourier-Mukai transform Φ := Φ
, the image of (s − λ) Lemma 4.10 implies that the condition RZ (β+sH,tH) (v) = RZ (β+sH,tH) (e β+λH ) defines a circle
We have
Lemma 4.22. The image of (4.10)
Proof. By (4.9) and (4.7), (s, t) satisfies (4.10) if and only if (1) If
We set w := Φ 
In particular, if λ is sufficiently small, we can apply this proposition, which is nothing but the main result of [17] .
Remark 4.25. Assume that r := rk v > 0. We set
We take w 0 ∈ H * (X, Z) alg such that
Replacing w 0 by w 0 + kv (k ∈ Z), we may assume that rk v ≥ rk w 0 > 0. Then there is no wall for
5. The chamber structure for an abelian surface X with NS(X) = ZH.
From now on, we assume that NS(X) = ZH. Let v be a primitive Mukai vector with a numerical solution. We shall study the walls and chambers for v. By our assumption, there is an isometry of Mukai lattice sending v to 1 − ℓ̺ X . So we may assume that v = 1 − ℓ̺ X . Since a generic classification of stable objects (it induces the birational classification) is most fundamental, we are mainly interested in codimension 0 walls.
Cohomological Fourier-Mukai transforms.
Let H X be the ample generator of NS(X). We shall describe the action of Fourier-Mukai transforms on the cohomology lattices in [14] .
Two smooth projective varieties Y 1 and Y 2 are said to be Fourier-Mukai partners if there is an equivalence
We denote by FM(X) the set of Fourier-Mukai partners of X. The set of equivalences between D(X) and D(Y ) is denoted by Eq(D(X), D(Y )). For Y, Z ∈ FM(X), we set
Note that E is a groupoid with respect to the composition of the equivalences. For Y ∈ FM(X), we have (H 
where Sym 2 (Z, n) is given by
and the bilinear form B on Sym 2 (Z, n) is given by
Each Φ X→Y gives an isometry
where O (Sym 2 (Z, n) ) is the isometry group of the lattice (Sym 2 (Z, n) , B). Thus we have a map
which preserves the structures of multiplications.
Definition 5.1. We set
14 We have a right action · of G on the lattice (Sym 2 (Z, n), B):
Thus we have an anti-homomorphism: 
Then θ(Φ) is uniquely determined by Φ and we have a map
The action of θ(Φ) on Sym 2 (n, Z) is the action of Φ on Sym 2 (n, Z):
Thus we have the following commutative diagram:
From now on, we identify the Mukai lattice H * (X, Z) alg with Sym 2 (n, Z) via ι X . Then for g ∈ G and
We also need to treat the composition of a Fourier-Mukai transform and the dualizing functor D X . For a Fourier-Mukai transform Φ
5.2.
The arithmetic group G and numerical solutions for the ideal sheaf. Let ℓ ∈ Z >0 . We assume that √ ℓn / ∈ Z. Our next task is to describe the numerical solution of the ideal sheaf of 0-dimensional subscheme. First we introduce an arithmetic group S n,ℓ .
Definition 5.4. For (x, y) ∈ R 2 , set P (x, y) := y ℓx x y .
Lemma 5.5.
(1) S n,ℓ is a commutative subgroup of GL(2, R).
(4)
We set a subgroup G n,ℓ of G (Definition 5.1) to be
Proof. The proofs of (1) and (2) are straightforward. For (3), assume that x, y ∈ R with x 2 , y 2 , xy/ √ n ∈ Q satisfy y + x √ ℓ = 1. Then (y
Our assumptions yields y 2 + ℓx 2 = 1 and xy = 0. If x = 0, then y = ±1. If y = 0, then ℓ = 1 and x = 1. Hence the conclusion holds.
(4) follows from direct computations.
Then the Dirichlet unit theorem yields the following corollary.
Proof. Let p 1 , . . . , p m be the prime divisors of ℓn and o be the ring of algebraic integers in Q(
× is a finitely generated abelian group whose torsion subgroup is {±1}. Hence φ(S n,ℓ ) is a finitely generated abelian group whose torsion subgroup is {±1}. For A ∈ S n,ℓ , we have 
Proof. If there are isotropic Mukai vectors with the first condition, then we can write them as w 0 = (r, dH, (rℓ ± 1)) and w 1 = (rℓ ∓ 1, dℓH, rℓ 2 ), where d 2 (H 2 ) = 2r(rℓ ∓ 1). We set p := √ r and q := √ rℓ ∓ 1.
The converse is obvious.
Corollary 5.9. Recall the action · of GL(2, R) given in (5.2) . By the correspondence
we have a bijective correspondence:
Definition 5.10. Assume that ℓ > 1. Let
be the generator of S n,ℓ /{±1}. We set ǫ := q 2 − ℓp 2 ∈ {±1}. For m ∈ Z, we set
By the definition we have
Next we consider the right action of GL(2, R) on R 2 (x, y) → (x, y)X, X ∈ GL(2, R). 
where we used the correspondences
Here we used the slope for the Mukai vector defined by µ(v) := (H, c 1 (v))/ rk v. These correspondences are G-equivariant under the action (5.9). Lemma 5.8, (5.8) and (5.10) imply the following one to one correspondence:
where (ℓ i , ℓ j ) = (ℓ, 1) if and only if ( (1) C 0 is the t-axis and C m (m = 0) is the circle defined by
(2) {C m | m ∈ Z} is the set of codimension 0 walls.
Definition 5.14.
(1) For C m (m ∈ Z), we define adjacent chambers C ± m as follows: 
for m ≥ 0. In particular, we have
We note that Ψ in Proposition 3.6 satisfies Ψ −1 = Ψ. By Proposition 3.6, we have the following isomorphisms. Remark 5.18.
In Proposition 5.15, we did not specify the correspondence of complexes. Since φ (sH,tH) (v) mod 2Z is well-defined, the correspondence is determined up to shift [2k] (k ∈ Z). We next fix the ambiguity of this shift. We note that θ(
X→X ), where [1] is the shift functor. Since Z (sH,tH) (v) ∈ C \ R <0 , we take φ (sH,tH) (v) ∈ (−1, 1) to consider the moduli space M (sH,tH) (v) as in Definition 1.1. Then the isomorphisms in Proposition 5.15 are given by the following proposition.
X→X (E)) ∈ (0, 1). Hence
X→X (E)) ∈ (1, 2). Hence
Therefore the claim holds.
Proposition 5.21. We set
(1) M m = ∅ and M m is birationally equivalent to M C
We have a sequence of isomorphisms 
Hence we have an isomorphism
Thus the claim holds.
Starting from these two semi-homogeneous presentations, we have a sequence of complexes F 
Thus ± ℓ n are the accumulation points of ∪ m C m . We regard (a m : b m ) and (b m : ℓa m ) as elements of P 1 (R). Then the inhomogeneous coordinates of these points give a sequence
where we write the inhomogeneous coordinate of (0 : 1) as ∞ or −∞.
),
).
By (5.20), we have decompositions We next assume that ǫ = q 2 − ℓp 2 = 1. Then the algebraic integers a m , b m in Definition 5.10 satisfy
for m ∈ Z >0 . We also have the following sequence of inequalities: The proof is based on the calculation in this subsection and is similar to that of Theorem 5.23. We omit the detail.
Examples
Let X be a principally polarized abelian surface with NS(X) = ZH. We shall study walls for v = 1 − ℓ̺ X . We note that n := (H 2 ) 2 = 1. By using Corollary 4.6, it is easy to see that s = 0 is the unique wall for ℓ = 1. So we assume that ℓ ≥ 2. We use the notations in section 5.
(1) Assume that ℓ = 2. In this case, S 1,2 /{±1} is generated by (2) Assume that ℓ = 3. In this case, S 1,3 /{±1} is generated by Proof. Since W u−1 passes the point (s, t) = (−2, 0), it is sufficient to classify walls for s = −2. Assume that we 2H = (r, dH, a) defines a wall for s = −2. Since ve 2H = (1, 2H, 1), we have d = 1. We set w ′ := (v − w) and write w ′ e 2H = (r ′ , H, a ′ ). By the definition of walls, we have w 2 ≥ 0, w ′ 2 ≥ 0 and w, w ′ > 0. Thus ra ≤ 1, r ′ a ′ ≤ 1 and 1−ra ′ −r ′ a > 0. Since r+r ′ = 1, we may assume that r > 0 and r ′ ≤ 0. Since a+a ′ = 1, we have 0 < 1−ra ′ −r ′ a = (2a−1)r+(1−a). If a ≤ 0, then (2a−1)r+(1−a) ≤ (2a−1)+(1−a) = a ≤ 0. Hence a ≥ 1. Since ra ≤ 1, we have r = a = 1. Therefore we 2H = (1, H, 1), which implies that w = (1, −H, 1).
We have u 0 = (0, 0, 1), u −1 = (1, −2H, 4), u −2 = (4 2 , −28H, 7 2 ) and so on. We define w n ∈ H * (X, Z) alg by w n := (a 2 n , a n b n H, b Thus we have an action of G on H.
Proposition 7.3. We can extend the action of G to the action of G by (g, ∆ n ) · z := g · z, 2|n, −g · z, 2 |n, where g ∈ G.
Remark 7.4. In [14] , we showed that the cohomological action of Eq 0 (D(X), D(X)) defines a normal subgroup of G which is a conjugate of Γ 0 (n) in GL(2, R). More precisely, we set G 0 := θ(Eq 0 (D(X), D(X))). Then √ n 0 0 1
We set β + √ −1ω = wH. Then Eq 0 (D(X), D(X)) acts on w-plane as the action of Γ 0 (n) on w-plane.
